Replacing the Green function of Maxwell's electrodynamics <5(x2) by <5(x2 + Z 2) we obtain a Hamiltonian with a finite number of degrees of freedom for the classical motion of a pointcharge in its own electromagnetic field. After quantization we obtain a mass spectrum if we assume that a nonelectrodynamic bare mass M exists. The spectral terms are S1/2 , Pi/2? P3/2 > D3/2? D5/2 etc-(/c=+l, -1; +2, -2; +3 ...). It is possible to fit the length I in the Green function and the mass M so that the mass ratio of the lowest terms becomes m(P1/2)/m{Sll2) =mfJme . We then get: Z=4,896• 10-91 Kjmv c, Af = 15,32mp . Hence the deviation from Maxwell's electrodynamic is extremely small, but not zero, and heavy leptons should exist near m = | M j . Some further leptonic states exist with masses similar to that of the muon. All states, those of the electron and the muon excepted, are /-instable (life time 10-17 sec. resp. 10-26 sec.).
Introduction
Two mathematical equivalent methods exist in classical physics to describe the motion of pointcharges in their own electromagnetic field, the fieldtheoretical one and the electromechanical one. In general, quantization is based on the fieldtheoretical aspect, and quantumelectrodynamics as the result is well known.
Here we consider the quantization of electromechanics. In particular, we study the motion of one pointcharge in its own electromagnetic field. The interaction integral was given by Fokker 1 in 1929: A = i a f G ix ir^ -x (r2)) x rfa ) ^( r 2) d^ dr, .
( The Sommerfeld fine structure constant a enters this classical expression because we use h and c as units. In the last forties 3 we have investigated the same expression with generalized Green functions and obtained encouraging mass spectra. This ap proach was dropped in those days for several reasons, mainly because half odd spins were not available, and because the renormalization methods of quantum electrodynamics proved very successful. It is certainly a good luck that the mass problem Reprint requests to Prof. Dr. F. Bopp, Sektion Physik der Universität München, D-8000 München 2, Theresienstr. 37.
may be eliminated for many essential problems, but, it would be unfortunate to resign completely. There fore we came back to electromechanies4, and now we have found a particular Green function with extraordinary simple properties. In particular, we obtain only a finite number of degrees of freedom and, by the way, half odd spins. The Green function (1.2) is different from zero only on the light cone. Here, we shift the inter action surface without any smearing out. Hence we replace (1.2) by 5 G(x) = d (x 2 + l2) (1.3) ( m e tric :----b + + ). The shifting length I is un known. But it will turn out that I cannot be zero, and that it is extremely small 6: I = 4.896 x 10~91 h/mp c . (1.4) It is hopeless to find any appropriate length measure ment. But this small deviation from Maxwells theory is essential for the resulting mass spectrum. As in quantum electrodynamics we do not ob tain masses without assuming a bare mass M. That means: Masses come from outside. Electrodynamics, determined by (1.3), is only able to shift the masses. But this mass shifting may be appreciable.
At first, the bare mass M is unknown. However, as in the Dirac theory of the free electron we ob-* Presented as a summar to the Bayerische Akademie der Wissenschaften in the session of October 3rd, 1972, and as a letter to P. Jordan on occasion of his 70th birthday, October 18th, 1972. Large numbers like 1/M = 1089 as eigenvalues of differential equations which contain only the fine structure constant a, may be of particular interest for the Dirac-Jordan theory of time depending gravitation. Fig. 1-1 . Interaction surface S within the future part of the light cone LC and a pointcharge path P crossing the light cone in A and the interaction surface in B.
tain both signs ± M. We start, so to say, with a "bare" and an "antibare". The result of this paper will be: I M | = 15.32 mp .
(1.5)
Hence we expect leptons, dressed by photons. The masses ly, in general, nar the bare mass, however sometimes much lower.
Starting from (1.3) we obtain a Hamiltonian. The number of degrees of freedom is twice that of a Newtonian masspoint. That corresponds to the intersections A in B in Fig. 1-1 of the spacetime path P with the lightcone LC and with the inter action surface S. The Hamiltonian has a squareroot term, which can be linearized with Dirac matrices. Half odd spins result therefore as in the Dirac theory of free electrons. Whether half odd spins exist or not, depends essentially on the choice of the Green function. If, for example, we replace (1.3) by G{x) =d{a? + l2) + y p d '{ r ! + l2) (1.6)
we obtain integer spin values, although both expres sions, (1.3) and (1.6), have the same limit (1.2) if 0. Therefore it is necessary to change (1.2). Without changing the Green function we do not know really which limiting process is meant7.
Once we have linearized the Hamiltonian we ob tain a four component wave equation similar to the Dirac equation of a relativistic H-atom if we con sider only solutions of the momentum P = 0. In this case the eigenvalues are rest masses, and the wave-equation depends only on three internal coor dinates given by the vector AB in Figure 1-1 . The angles of this vector may be separated. We obtain the angular momentum quantum numbers k = ± 1, ± 2 , ± 3 . . . Before discussing these results we shall develop the theory. Up to the numerical integration of the two-component radial wave equation all calculations are exact.
The Hamiltonian
We start with the interaction integral (1.1) and with the Green function (1.3). Using h, c and I as units we obtain
• ä^(r2) d^d r , . As it is well known, we may introduce particular integrals of motion into the Lagrangean. Since the momentum
is an integral of motion, we may consider only solu tions with the external momentum P = 0. Hence 8) and it follows by straight forward calculations: .9) i. e. the Lagrangean for the internal motion of the vector AB in Fig. 1-1 . We get two independent double-signs. Now we derive the corresponding Hamiltonian. The internal momentum equals and, hence, the Hamiltonian
According to P = 0 that Hamiltonian represents the rest mass: m = /7. (2.13)
The Wave Equation for Masses
The left side of Eq, (2.11) may be written as a square of a vector:
Using the Dirac matrices ^ = ffp x l , o, = l x o 'r (c1' = 2 x 2-Pauli-matrices), and inserting p = -i V we obtain the generalized Schrödinger-Operator (= Hamiltonian in the Schrödinger picture)
The first term in the second line makes the expression in the first line Hermitean. The last second line term is added as the contribution of the bare mass. The double-sign of the first square root in (2.12) is included in the matrix notation as in the Dirac case. We obtain the well known positive and negative eigenvalues. The second double-sign in (2.12) may be shifted to the bare mass which equals either M = + 1 M or -\M ! . This sign will be responsible for the existence of two ^-stable particles, the electron, and the muon. One of them is, so to say, a dressed "bare", the other one a dressed "antibare". This as sumption takes into account the experience, that both particles are connected with a non quantum electrodynamic quantum number, and it turns out that this number will be deeply woven into the frame work of quantum electromechanics.
As in the theory of the relativistic H-atom 10 we separate the angular momentum part. Using ar := Qt cf-e, r = r e , e 2 = l , (3.2) we obtain f f _ _ 2 W ( e , < r ■ e ) ( f t f f • V ) + (V I T ? -1)
According to te itf-e ) (ei*" V ) = -J~-£ 3 K + K = q3(<tL + 1), L =~i r x V , (3.3) or r y i + rtaking into account that K is an integral of motion with the eigenvalues k = + 1, ± 2 etc. which cor responds to the states (1.8), -replacing the remaining matrices Q1o1 and o3 by the algebraicly equi valent ones q.2 and o3, we obtain finally:
According to the algebraic meaning, q2 and {?3 may be represented by the respective 2 x 2-Pauli-matrices. Hence we get the following 2-component relativistic wave equation for the masses of a pointcharge
we obtain
A remarkable simplification occurs if we put
So we obtain
In the asymptotic case oo we have Obviously the bare mass must be different from zero if eigensolutions shall exist. In the Eqs. (3.9) a is a well known constant, the masses ire are defined as eigenvalues, but M and I are still to be determined. The length I will be scaled by identifying the lowest mass m with the experi mental electron mass iree . The bare mass M is hypothetically choosen so that the ratio of the two lowest eigenvalues ire becomes equal to the experimental ratio m jm e . Then we may expect that M is not too far away from the value we obtain if ire = 0 and M is an eigenvalue of the remaining equation (3.9) for k = + 1:
We insert t = 1 + x and replace M by -M, that means, bares by antibares, and obtain du I f . . a + 2 Md
The solutions should be regular within 0 x < oo . Obviously, v ~ x near x = 0, and it has a maximum at x= a/M . According to (3.11) it yields asympotically u ,v~e~M l2.
If we eliminate v in (3.14), we obtain
Hence we have poles at x = -2 -a/M, x = -2, x = 0 and an essential singularity at x -> oo. Since we need a regular solution in the intervall (0, oo), and since we obtain at x = -2 as characteristic equation r 2 = 0, the solutions u and v must be logarithmically singular at x = -2. Therefore we make the approximative ansatz:
. 
Numerical Solutions
Analytical methods seem to be not available for solving (3.9). Since we have no eigensolutions at all if M = 0, perturbation methods are excluded although M will be extremely small. Variational methods are not useful, because it turns out that eigenvalues will exist near m = -M. That is far below the domains m M in which we are mainly interested. Methods like that indicated after Eq. (3.17), may give some, but only qualitative in formations. Therefore, we use computer methods and solve (3.9) with appropriate initial values, trying to obtain mass values which give the right asymptotic behaviour. Even that is not quite easy, because tremendous intervals must be taken into account.
Writing where /(x) > 0 , ^(x )> 0 , a = a/(M ' + m). Hence we have oscillating solutions (or at least such con cave versus the abszissa) for x < a and divergent ones if a v < 0 for x ^ a. Therefore the step by step calculations are to be stopped at x = a if ui><0. In the other cases we may stop the calculationes beyond x = a at a knot of a or v. We have used the computer of the LeibnizRechenzentrum at Munich. The rather fast pro gram library procedure "Diffsys", appropriately used, proved to be as reliable as a Runge-Kutta method, which provides us with essentially the same results. The step-width is automatically adjusted until variations within a given intervall are less than a given fraction, eps, of the maximum.
Error propagation is calculated with the transpor tation matrix. It seems to be sufficient that eps = 1CT10. Since (4.1) is singular at x = 0, the initial values are calculated for x = 10~5 by iteration.
First tests of the procedure are made by varying eps, and the length of the intervals. Terms of the order of IO90 in some terms of (4.1) makes further tests advisable. To this end we have integrated some similar differential equations by Diffsys and ana lytically, namely for The eigenvalues will depend on M. The variation with M is shown in Fig. 4-la, b for the lowest states belonging to k = + 1, -1, 3 and 4. According to Of course, the bare mass cannot be observed. However, the excited states of , Pi/2 etc. differ only very few from the bare mass:
They are nearly the same within the range of some electron masses.
Masses, belonging to the same "orbital" momen tum I, are nearly equal. It is not a strict degeneracy. However, if we assume M = 0, and neglect m against M, Eq. (4.1) will be invariant under the trans formation
According to the small values of M and m we have a weak breaking of this symmetry. The eigenfunctions are characterized by a fast increase (length: 1/| M « 1 x 10_104cm), and a slow decrease (length: l/j M | « 1.4 x 10-15 cm for electrons and particles with muonic masses, l/\/M 2 -rrr «s 10~13 cm for states with masses near the bare one). Hence, the particles near the bare mass have nuclear dimensions, and the elec tron and the muonic particles should be about ten times smaller than the Compton wave length (h/mp c = 2.1 X 10-14 cm) of the proton. The extension increases with decreasing mass according to 1/1/M2-m 2.
Some Concluding Considerations
We have fitted the constants M and I by the mass of the electron and by the mass ratio m Jm G . The first fit tells us only, what I is if measured in con ventional length units. The second one includes the hypothesis that the muon is an electromechanical state. Nevertheless, the fact that the muon may be incorporated is, as far as we know, a new result.
If we accept this hypothesis, both particles, the electron and the muon, have some stimulating quan tum numbers. The electron is a Sj/2-state and the muon a Pj/2 one. In so far we may consider the mass difference between electrons and muons as a kind of Lamb-shift. However, the electron belongs to the bare mass M = -j M ' and the muon to M = + | M j. Hence, the particles differ in the bare-antibare-quantum number which is connected with the non-electromagnetic mass \M\.
What about the other quantum states? Heavy leptons as well as those with nuonic masses and higher spins are unknown. One of the reasons for that may be the /-instability. The dipole lifetimes is given by r = 3/2 a -(claw )21 co The resonances with a heavy leptons as an inter mediate state are probably unobservable because the expected line width is larger than the frequency. Even in (5.2) the cross section may be smaller than that of the Compton effect by some powers of m jm ( + 2 ). In addition, there may exist further reasons, others than the /-instability, which explain that the /-instable states are not yet observed. The probabi lities for the pair production of heavy leptons are extremely small, as it has been discussed in the context of pair production of nuclei heavier than the triton 12.
The pair production of particles with muonic masses and "orbital" momenta / ^ 2 should be inprobable relative to those with I ^ 1 because the distances, at which pair production may occur, must be much larger, and, hence, the interaction much weaker.
Therefore only the pair production of the state P3/2 might compete with that of the muon. Hence, we look for the process
However, even this process may be remarkably less probable than that of the pair production of muons. For the spin states of a muon-, and of a P3/2-pair are 5 = 1 or 0, respective 5 = 3, 2, 1 or 0, while only the states 5 = 1 are compatible with the spin 5 = 1 of the pair producing /-quantum. Nothing is known if there may exist some other production processes of particles with muonic mas ses at very high energies.
Summarizing we may state: There are two and only two /-stable charged leptons, and probably some resonances in the muonic mass region. It seems to be rather probable that we have obtained a theory, which includes the real electron and the real muon. Certainly, we would be more happy if we were able to calculate their mass ratio. Howeve, we must take it as a fact that we obtain two new constants, the deviation length I and M, which ap pears here as a bare mass. The bare mass of the electron is negative and large as in quantum electro dynamics, but no longer infinite. The bare mass belonging to the muon is positive. The change of the sign of the bare masses warrants the /-stability of both, the electron and the muon. Their existence seems to be well ebstablished.
Even if we consider the classical theory we can understand that we need at least two length con stants. According to the Maxwell theory a pointcharge will explode. To avoid this explosion we have, in principle, two types of hypotheses. We need either nonelectromagnetic forces, or a change of Maxwell's equation. If we require that the cohesive forces have the same symmetry as the fields in Max well's equations we need a modified connection be tween the fourvector A'u and the current density /<": The latter one is finite at r = 0. But charges will still explode because 0 (r) is completely decreasing. Neither graph (a) in Fig. 5-1 corresponding (5.6), nor graph (b) corresponding (5.7) yields stable solutions. We need some potential of the kind given in graph (c) 13. Hence, two constants are necessary at least for stable solutions. One of them may be re presented by a bare mass. This means essentially that the increasing part of graph (c) is shrinked to something like a (5-function. We have seen that this simple classical result persists in quantum electromechanics. Changing Green's function is not en vogue. The main reason against this procedure may be its arbi trariness. However, if the postulate of the per sistence of the Eq. (5.4) holds, it is impossible to avoid it. The fear of arbitrariness may be trans formed into the question, how the particular change may be understood.
The tremendously small value of the deviation length I is responsible for the square integrability of the wave function, and for its rapid increase near x = 0. Taking into account all we know on physics today, only gravity may explain such a small length. Once more we have an indication that gravity may be responsible for finite results. However we must keep in mind that completely new effects cannot yet be excluded. But we must also take into account that {Gme2/h c ) 2^3 x l < r 90.
The bare mass M defines the rather slow de crease of the wave function. It is essentially respon sible for the magnitude of the masses, and for the extension of the particles. It seems to be encouraging that the heavy leptons have an extension similar to that of the proton and the neutron.
Taking into account the results on the numerical values of I and M, one may feel that some proposi tions should exist to derive a Green function with two characteristic constants, perhaps just that given here. It is an experimental fact that the fine structure constant may be much more important than it is believed today. We remind (i) that the so called classical electron radius which is no longer the electron radius but only a characteristic elec tronic constant, equals nearly the Compton-length A = h/m 1 c of the pion, (ii) that the muon mass equals nearly 3/2 a in units me, (iii) that the ratio of the Compton-length of the proton and the uni versal fermi length /p = 0 .7 x l 0 -16 cm equals within 10% the ratio of the pion and the electron
